We determine the Gromov-product types of five-point metric spaces in terms of optimal realization types.
INTRODUCTION
Finite metric spaces can be classified from different points of view. An important classification is based on optimal realization types ( [1] , [2] ) and recently another classification based on Gromov-products was proposed in [3] . For = 3 and = 4 both classifications coincide and in [3] it was remarked that they coincide also in the first non-trivial case = 5. In this note we give an explicit verification of this fact. By the way, it is studied the Gromov-product decomposition of seven-point metric spaces in [4] .
Let ( , ) be a finite metric space with elements , = 0, … , − 1 ( ≥ 3) and let the triple ( , , ) be a "triangle" with vertices , and . If some of the indices , , coincide, then we view it as a degenerate triangle. Then the Gromov-product of the triangle ( , , ) at the vertex is defined in [3] as
where = ( , ). For a generic five-point metric space, it is proved in [3] there are three Gromovproduct equivalence classes. There are also three optimal realization types for a five-point metric space ( [1] , [2] ). We will give below the explicit correspondence between these equivalence classes.
We recall that a split = | is defined to be a partition of into disjoint, nonempty subsets and . The split (pseudo-)metric | associated with any such split is defined by
For a split = | , the isolation index | is defined as
There are three optimal realization types of a generic five-point space called And , , are split metrics in short notation:
On the other hand, there are three Gromov-product types called A, B, and C for a five-point metric space (see [3] We now give the following proposition regarding the correspondence between the two classifications:
Proposition: Let = { 0 , 1 , 2 , 3 , 4 } be a generic five-point metric space. Then, a Type-I metric has Gromov-product type A, a Type-II metric has Gromov-product type B and a Type-III metric has Gromov-product type C.
Proof:
First we assume that is of Type-I. Then is written as follows: 
Using the equality (1) we can obtain the distances between all points as below. We now evaluate the Gromov-products at each vertex as below. The minimal Gromov-product is Δ 014 .
The minimal Gromov-product is Δ 102 . The minimal Gromov-product is Δ 403 .
Thus we obtain the Gromov-product structure equivalent to type A as given in [3] : Table 2 for Type-II metrics: The minimal Gromov-product is Δ 023 .
The minimal Gromov-product is Δ 123 .
Type II The minimal Gromov-product is Δ 401 .
As a result we obtain the Gromov-product structure that is equivalent to type B in the sense of [3] : For the metric of Type-III we obtain the distances using the following equality. The minimal Gromov-product is Δ 201 .
The minimal Gromov-product is Δ 301 .
we obtain Table 3 for Type-III metrics: We now give all Gromov-products at each vertex.
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